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PITT’S INEQUALITIES AND UNCERTAINTY PRINCIPLE 
FOR GENERALIZED FOURIER TRANSFORM 

D. V. GORBACHEV, V. I. IVANOV, AND S. YU. TIKHONOV 


Abstract. We study the two-parameter family of unitary operators 

( ZTT \ / ZTT \ 

— (2(fc) +d + a-2)j exp(^— /\k,aj , 

which are called (/c, a)-generalized Fourier transforms and defined by the a- 
deformed Duiikl harmonic oscillator ^ = \x\'^~°‘Ak — 1x1“, a > 0, where 
is the Duiikl Laplacian. Particular cases of such operators are the Fourier and 
Dunkl transforms. The restriction of Tk,a to radial functions is given by the 
a-deformed Hankel transform H\ a- 

We obtain necessary and sufficient conditions for the weighted Pitt 

inequalities to hold for the a-deformed Hankel transform. Moreover, we prove 
two-sided Boas-Sagher type estimates for the general monotone functions. 
We also prove sharp Pitt’s inequality for J^k,a transform in with the 

corresponding weights. Finally, we establish the logarithmic uncertainty princi¬ 
ple for J^k,a- 


1. Introduction 

Let be the real space of d dimensions, equipped with a scalar product {x, y) 
and a norm |t:| = The Fourier transform is defined by 

T{f){y) = [ f{x)e-^^^’yUx. 

R. Howe [16] found the spectral description of using the harmonic oscillator 
— (A — |xp)/2 and its eigenfunctions forming the basis in 

X = exp(^)exp(l^(A-|xn), 

where A is the Laplace operator. This representation has been widely used to de¬ 
fine the fractional Fourier transform and Clifford algebra-valued analogues, see |6]. 

One of the generalizations of the Fourier transform is the Dunkl transform 
dj], which is defined with the help of a root system R C a reflection group 
G C 0{d), and multiplicity function k: R ^ M+ such that k is G-invariant. 
If fc = 0, we have Rk = R■ 

The differential-difference operator A^, the Dunkl Laplacian, plays an important 
role in the Dunkl analysis, see, e.g., [23]. For fc = 0 we get A^ = A. 
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S. Ben Sai'd, T. Kobayashi, and B. 0rsted [Ij defined a-defornied Dunkl-type 
harmonic oscillator as follows 


Afc,a = |a:b “A 


\x\ 


a > 0. 


Following jTB], they constructed a two-parameter unitary operator, the {k,a)- 
generalized Fourier transforms, 


( 1 ) 


/ ZTT \ / XTT 

Tk,a = “V 


in d^k,a) with a norm 

1 




1/2 


where 


d 


— ^ + {k), 


(k) = 

a&R 

dllk,a{x) = Ck,aVk,a{x) dx, Vk,a{x) = \x\'"~'^Vk{x), 

= n do:. 


aeR 


If a = 2, ([T]) recovers the Dunkl transform, and if a = 2 and k = 0 the Fourier 
transform. For a 7 ^ 2, ([T]) is a deformed Fourier and Dunkl operators. In particular, 
if a = 1 and k = 0, the operator J^k,a is the unitary inversion operator of the 
Schrodinger model of the minimal representation of the group 0(iV-|-l, 2), see |2n) . 

The operator Tk,a is a unitary operator, that is, for a > 0, 2(/c) -|- d -|- a > 2, 
it is a bijective linear operator such that for any function / G L‘^{M.'^,dfik,a) the 
Plancherel formula holds la Th. 5.1] 


(2) 


\J^kAf)iy)l 


= J{X 


2,dtlk,a ll’' ^ ^ ^^‘2,dk'k,a' 

The main goal of this paper is to prove Pitt’s inequality 

(3) \\\y\~^J^k,a{f)iy)\\ 2 ,d^,^^^ <c{/3,k,a)\\\xff{x) 

with the sharp constant 


2,dAifc,a’ 


/e 


Cifd, k, a) = r(a-|(Afc + a/2 /3)) 

^ ^ F(a-HAfc + a/2 + /3))’ 


and the logarithmic uncertainty principle 


(4) f \n{\x\)\f{x)\‘^dfik,a{^)+ [ ln(| 2 /|)|*Tfc,a(/)(i/)pdpfc,a(i/) 

jRd jRd- 

provided that 

0 < /? < Afc , 4Afc -|- a > 0 . 

Here and in what follows, F(f) is the gamma function, = F'(t)/F(t) the psi 
function, and the Schwartz space. 

Inequalities (j3]) and (jlj) were proved by W. Beckner for the Fourier transform, 
by S. Omri [23] for the Dunkl transform on radial functions, by F. Soltani [26] 
for the one-dimensional Dunkl transform, and by the authors [T3] for the general 
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Dunkl transform. Regarding ineqnality ([3]) for the Fonrier transform see also 

P [121 El EZ]. 

A stndy of analytical properties of Jhc.a-fransform was first condncted in |3]. 
Very recently, weighted norm ineqnalities were obtained in [T2]. In particnlar, the 
anthor raises the qnestion on the sharp logarithmic nncertainty principle for J^k,a- 
The rest of the paper is organized as follows. In Section 2 we stndy the a- 
deformed Hankel transforms which are the restriction of J^k,a to radial fnnctions. 
In particnlar, we find necessary and snfficient conditions for the Pitt ineqnalities 
with power weights to hold and we obtain sharp Pitt’s ineqnality in 

Section [3] deals with bonndedness properties of the a-deformed Hankel transform 
of general monotone fnnctions. In this case we improve the range of parameters 
in the Pitt ineqnalities and prove the reverse ineqnalities. In particnlar, we obtain 
two-sided ineqnalities of the Boas-Sagher type. 

Section [His devoted to the proof of ineqnality ([3]). To show ([3]), we nse the 
following decomposition 

OO 

(5) dfik,a) = KM = KM ® Mk), 

n=0 


where K){'^k,a) is the space of radial fnnction, and Ki{vk) is the space of fc-spherical 
harmonics of degree n. Since 'Ki{vk^a) is invariant nnder the operator -Ffc,a; it is 
enongh to stndy ineqnality ([3]) on 7l^{vk,a)- 

In Section [5l we obtain the logarithmic nncertainty principle (jl]) for J^k,a- 
transform, which follows from ([3]). It is worth mentioning that the Heisenberg 
nncertainty principle for J^k,a was proved in [1]. It reads as follows: for d G M, 
fc > 0, a > 0, and 2Xk -|- a > 0, one has 


X 







‘^,dr-k,a 


> (2Afc -|- a)||/ 


2 


The equality holds if and only if the function f is of the form f{x) = Ce '’^1“ for 
some a,c> 0. Varions nncertainty relations for iFk,a were also stndied in HHj. 

We conclnde by Section [6] where we stndy the nniform bonndedness proper¬ 
ties of the kernel Bk^a{y,x) in the integral transform expression iFk,a{f){y) = 
/iKd Bk,a{y, X)f{x) dllk,a{x). 


2. Jfc,a-TRANSFORM ON RADIAL FUNCTIONS 


Let A > —1/2, J\{f) be the classical Bessel fnnction of degree A, and 

jA(t) = 2"P(A + i)rVA(f) 
be the normalized Bessel fnnction. Let also 

poo 

dt = 2^P(A + 1), dvx{r) = dr, r G M+. 

Jo 

The norm in Lp(M+, dux), 1 < p < oo, is given by 

\\f\\p,du^= IfMduxir)^ . 

Moreover, let ||/||oo = snpvrai^^R^ \fir)\. 

The Hankel transform is defined as follows 

H\{f){p)= f f{r)jx{pr)dux{r). 
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It is a unitary operator in L'^{'R+,du\) and = H\ [H Chap. 7]. 

Note that the Hankel transform is a restriction of the Fourier transform on 
radial functions ifA = <7/2 — 1, and of the Dunkl transforms on radial functions if 
A = Afc = d/2-1+ (fc). 

Let iS(R+) be the Schwartz space on M_|_. For / G iS(R+), we are interested in 
the Pitt inequality 

with the sharp constant Cpq(/ 3 , 7 , A). Here and in what follows, we assume that 
I < p < q < oo. 

L. De Carli |S| showed that Cpq{f3,'y, A) is hnite if and only if 

/?-7 = 2(A + l)(l-i) 

\p' qJ 

and 


( 7 ) 


A - (2A + 1) + maxj^ o| < /7 < 

2 p/ Iv q J 


2(A + 1) 

p' 


where p' is the Holder conjugate of p. 

The sharp constant Cpq{(3, 7 , A) is known only for p = g = 2 and 7 = /S [SUES]: 


C 22 (/ 7 ,/ 7 , A) = c(/7. A) 


^_, F(2-HA + 1/2-/7)) 
F(2-i(A +1/2+ /?))’ 


0 < /7 < A + 1. 


For a > 0 we denote by Lp(R+, <ii/A,a) the space of complex-valued functions 
endowed with a norm 

\\f\\p,d<'x,a = \f{r)\^diyx,air)^ , 1 < p < 00, 


dux,a{r)=bx,ar^^+^-^dr, 
where the normalization constant is given by 


r-1 — 

^\,a — 




For 4A -|- a > 0, we define the a-deformed Hankel transform 

'2 


Hx,a{f)ip) = / f{r)j2X/a(^- diyx,a{r). 


Note that in the paper Sec. 5.5.3] a slightly different dehnition of the a- 

deformed Hankel transform has been used (with a different normalization). We 
hnd our dehnition more convenient to use. 

The Hankel transform Hx,a is a unitary operator in L^(R+, <ii/A,a)- Moreover, if 
A = Afc, by Bochner-type identity, the Tk,a transform of a radial function is written 
by the Hx^a transform (see H Th. 5.21]); for f{x) = /o(r), r = |x|, p = |p|, we 
have 

= (J^kAfMp), {J^kAfMp) = Hx,a{fo){p)- 

Changing variables 


r = 



1/a 




P 
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we arrive at 

poo 


rf^^\f{r)\P dux,a{r) = 

= l>2X/.{^) 


a \ (/3p+2A)/a 

0p/a r°° 

Jo 

0p/a 


'0 


f s2/3p/a|^^^^|p^4A/a+l^^ 
0 

/ s^^P/^\g{s)\Ps^^/^+Us 

Jo 


and 


p-^^\HxM)ip)\^ duxM 


a\-iq/a. roo 

2 


Q-2'yqla 




where 


^A,a(/)((|) ^ = &A.a(|) ^ / C/(s)j2A/a(^s)s^^/“+^ ds 


a\ 2A/“ 


= ^2A/a / fi'(s)j2A/a(6's)s'‘^/“+^ ds = i^sA/a (S') (6') • 


Therefore, 


( 8 ) 


|p-"-ffA.„(/)W|| 


r^/(r 




q4fx,a (® 
2 




q4v2\/a 




'2\/a 


Hence, the sharp constant \,a) in Pitt’s inequality 


( 9 ) 




P,di'X,ci 


is related to the constant Cpq{/3,'j, A) given by ([6|) as follows 
Cpq{f3,'y,X,a) = 


ax-(/3+7)/a /2/3 27 2A 

C 


pq\ ? ? 

'a a a 


Therefore, using the above mentioned results by De Carli, we arrive at the following 
two theorems. 

Theorem 2.1. Let 4A + a > 0 and 1 < p < q < oo. Pitt’s inequality Q holds if 
and only if 

1) /?-^=(2A + a)(A-b. 

\p' qJ 


2, (l-i)(2A.^).|„^i-1.0}.,<?^ 


1 1 
p' q' 


2X + a 

pi 


Theorem 2.2. Let 4A + a > 0 and 0 < (3 < X + a/2. Then Pitt’s inequality 

holds and the constant 

9(/?, A.a) = rU-‘(A + V2-/3)) 

^ ^ r(a-i(A + a /2 + / 3 )) 

is sharp. 

Let us now verify that c{/3, A, a) is decreasing with A. 








6 


D. V. GORBACHEV, V. 1. IVANOV, AND S. YU. TIKHONOV 


Lemma 2.3. If a > 0, then 
( 10 ) 


r(t + a) ^ r(t) 


0 < t < r. 


r(r + Q;) r(r)’ 

Proof. If a = 1/2, the proof of ffTO]) can be found in [27] . To make the paper self- 
contained we give the proof for any a > 0. Since the function = r'(f)/r(f) is 
increasing, we have 


rT{t a) 

1 

+ 

rF'(f+ a) 

r'(f)i 

1 r(i) 


. F(f -|- a) 

r(()J 


> 0 


and 


□ 


r(r) ^ rp) • 

In this section and in what follows we use the following 

Remark 2.1. Let iSo(M+) be a set of functions / G iS(M+) such that /’■"'^(O) = 0 
for any n G Z+. If / G iSo(M+), a G M, /5 > 0, then r"/(r^) G iSo(M+) and iSo(M+) 
is dense in Lp(M_|_, r“ dr). Therefore, when we assume that / G iS(R+), we may 
additionally assume that / G iSo(M+). 

3. BOAS-SAGHER INEQUALITIES FOR GENERAL MONOTONE FUNCTIONS 

In this section we study boundedness properties of the a-deformed Hankel trans¬ 
form H\ a of the general monotone functions. For the classical Hankel transform 

1 


Hx{f){p) = 


f{r)jx{pr)r^ ^^ dr, 


2^r(A -I- 1) 
similar questions were studied in [S]. 

A function / of locally bounded variation on [£, cx)), for any e > 0, is general 
monotone, written / G GM, if it vanishes at inhnity, and there exist C* > 0 and 
c > 1 such that, for every r > 0, 

/•oo /-oo J 

\df{r)\<C ^ 


( 11 ) 


/ u 


where \df{u) \ is the Riemann-Stieltjes integral. The GM class strictly includes 
the class of monotonic functions. It was introduced in j2I] (see also |22)). 

By Theorem 1.3 from |9] we have that if l<p<q<oo and f G GM, then 
Pitt’s inequality 

( 12 ) 

holds if and only if 
(13) 
and 


/3-7 = 2(A + l)(l-i) 

\p' q/ 

2(A + 1) 


(---)(2A + l)--</3< 
\2 pJ p 


p p' 

It is important to note that the condition on (3 is less restrictive than the corre¬ 
sponding condition in the general Pitt inequality given by ([7]). 

Moreover, considering general monotone functions allows us to prove the reverse 
Pitt inequality. First, we note that if 

(14) 


r‘^^~^^\f{r)\dr + / r^~^^^\df{r)\ < oc. 
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then Hx{f){p) is defined as an improper integral (i.e., as lim and continu- 

a—>-0, b—>-oo “ 

ous for p > 0 [9]. The reverse Pitt inequality reads as follows: Let 1 < q < p < oo 
and let a non-negative function f G GM be such that condition (na is satisfied. 
Then the inequality 


(15) 

holds provided that conditions (na and 


are satisfied. 
Noting that 


2A + 1 

p 



p p \2 pJ p p' 


2A + 3 
2 


inequalities (IT^ n (IT^ imply that z/1 < p < oo, f G GM, / > 0 and flTT]) holds, 
then 


(16) Gyfir)\l,au, ^ \\P 

if and only if ca and 

2(A + 1) 2A + 3 2(A + 1) 

p' 2 p' 

A study of two-sided inequalities of type flT^ for the classical Fourier transform 
has a long history. In the one-dimensional case for monotone decreasing func¬ 
tions the corresponding conjecture was formulated by Boas |5]. He also obtained 
some partial results. Boas’ conjecture was fully solved by Sagher in j25]. The 
multidimensional case was studied in mi. 

We are going to use the above mentioned results to get direct and reverse Pitt’s 
inequalities for the a-deformed Hankel transform of the general monotone func¬ 
tions. We assume that 4A -|- a > 0. 


Theorem 3.1. Let 1 < p < q < oo and f G GM. Then Pitt’s inequality 


\p-^HxM){p)\ 


q4vx,a 


< c||r^/(r 


P,dj^X,a 


holds if and only if 

(17) 

and 


/?-7 = (2A + o)(i-i) 
Vp' q/ 


1 1 

2 p 


a\ a 




2A -|- a 

pi 


Proof. First we show that if / G GM, then the function of the type f{arP) = g{r) 
is also a GM function for any a,f3 > 0. Indeed, changing variables au^ = v and 
using inequality (ITTl) for /, we get 

/■°° /■°° dv r°° du 

\dg{u)\= \df{v)\<G \f(y)\^ = Cfi \g{u)\-. 

J{rl(y.)^/^ J (rfa)^/^ fc ^ Jrfc ^ 

Now the proof follows from ([8]) and the change of variables 



(18) 


r = 



l/a 




p 



9{s). 
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□ 


Theorem 3.2. Let 1 < q < p < oo. Assume that f is a non-negative function 
such that f G GM and 

pi poo 

( 19 ) / 




is satisfied. Then the reverse Pitt inequality 


( 20 ) 






> c||r^/(r 




holds provided that conditions (fT7|) and 


2A a a 
-IT < ^ 

p 2p 


are satisfied. 


The proof follows from (|H]) and fllSp . Note that condition flT^ implies condition 
flT^ for the fnnction g given by flTS]) . In particular, condition flT^ yields that Hxa 
is defined as an improper integral and Hx^aif) £ ^*(0, cxo); see |H1 Lemma 3.1]. 
Since 


2A a a 


p 


2p 


p 


2X + - -- = 


2p 


2A + a 4A + 3a 

p> 4 


we obtain the following Boas-Sagher type equivalence. 

Corollary 3.3. Suppose that 1 < p < oo, f E GM, / > 0 and (IT^ holds. Then 


if and only if conditions (na and 


( 21 ) 

hold. 


2A + a 4A + 3a 


2A + a 


< C2||r''^/(r)| 


'P,d'Px,. 


< (3 < 


p' 4 pf 

Remark 3.1. We note that condition flT^ always holds if ||r^/(r 


P,diPx,c 


< oo and 


fi satisfies (EB. Indeed, it is easy to check (see, e.g., m p. Ill]) that any general 
monotone function satisfies the following property: there is c > 1 such that 

poo poo 

/ M\df{u)\<G / M~^\f{u)\du, a > 0. 

Jr J r jc 

' .2A+a-l 


Then using this and Holder’s inequality, we get for w{r) = 
that 

pi poo poo 

/ dr + / \df{r)\ < G / w{r)\f{r)\dr 


r < 1, 

^A+a/4—1 7^ ^ 1 


< C'||r^/(r)| 






where 


P = 


(-/3- 2A + a-l ) / p! , . , 

r p yjF 


The latter is bounded under condition fl2Tll . 
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4. Pitt’s inequality for transform in 

Recall that i? C M'’* is a root system, is the positive subsystem of R, and 
k: R ^ M+ is a multiplicity function with the property that k is G-invariant. 
Here G is a finite reflection group generated by reflections {aa'. a G R}, where cxa 
is a reflection with respect to a hyperplane {a,x) = 0. 

C. F. Dunkl introduced a family of first-order differential-difference operators 
(Dunkl’s operators) associated with G and k by 

+ E e.) = 1.... V. 

^ a&R+ ' ’ ' 

The Dunkl kernel ek{x, y) = Ek{x, iy) is the unique solution of the joint eigenvalue 
problem for the corresponding Dunkl operators: 

Djf{x) = iyjf{x), j = /(O) = 1. 

The Dunkl transform is given by 

Rk{f){y)= f{x)ek{x,y)dyk{x). 

jR'i 


By ^ denote the unit sphere in Let a:' G ^ and dx' be the Lebesgue 
measure on the sphere. Let 

= [ Vk{x') dx', duk{x') = akVk{x') dx', 

and 

WfhcLo^ = \fix')\‘^ dUkix')^ . 

For Xk = d/2 — 1 + (k), we have 

POO p 

(22) dr / v,(x') dx'^ 

Jo JS'i-l 

Let us denote by R'/{vk) the subspace of fc-spherical harmonics of degree n G 
Z_|_ in L‘^(E>‘^~^,duk) (see [HI Chap. 5]). Let V/ be the space of homogeneous 
polynomials of degree n in Then R'/ivk) is the restriction of ker n V!/ to 
the sphere 

If In is the dimension of Rniyk), we denote by {Yj \ j = the real¬ 

valued orthonormal basis Rn{vk) in L‘^{§>'^~^,duk)- A union of these bases forms 
an orthonormal basis in L‘^{E>‘^~^,du}k), which consists of fc-spherical harmonics, 
i.e., we have 

OO 

( 23 ) L^{S'^-\dujk) = 

n=0 

For A > — 1, we denote the Laguerre polynomials by 

T (A)^ 'sp (-l)-^'F(A -f- 5 -H) P 

* ^As-m{x+j + i)j\- 
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Set Xk^a,n = 2(Afc + n)/a. In |1], the authors constructed an orthonornial basis in 


$ 


'n.,3,s 






\x\ 




7n,j> > 0, n,seZ+, j = l, •••,/„, 

which consists of the eigenvalues of the operator ^k,a = — |a; 

This helps to define two-parameter unitary operator J^k,a given by (fTl) . 
Note that the system is the eigensystem of J^k,a-i i-e., 


a > 0. 


This and (123|) imply the decomposition of d/i^. „) given by ([5]). 

To prove Pitt’s inequality, we use the following Bochner-type identity |1] for 
functions of the type f{x) = Y^{x')'ip{r) G x = rx': 


(24) HAfm = 


_ ^—innla^n 


P”^n(2/')^A,+n,a(l/’Wr '')(p), V = PV'■ 


We are now in a position to prove inequality P|). 


Theorem 4.1. Let Xk = d/2 — 1 -|- {k), a > 0, 4Afc -|-a>0, 0</3<Afc-|- a/2. 
For any f G the Pitt inequality 




“^Ar-k.a 


holds with the sharp constant 


C{(3, fc, a) 


■213 /a r(a ^(Afc -|- a/2 (3)) 

r(a“^(Afc -|- a/2 -\- /?)) 


Proof. For /3 = 0 we have C{(3,k,a) = 1 and Pitt’s inequality ([3]) becomes 
Plancherel’s identity ([2|). The rest of the proof follows [I3]. Let 0 < ft < Xk + a/2. 
If / G then by fl23l) 


fnj{r) 


f{rx')Yf{x')duk{x')eSiR+), 


OO Iji 

f{rx') = 5^X]/ni(r)T^(T'), 

n=0 j=l 

OO l-fi 

\f{rx')\‘^duk{x^) = 5^X]|/ni(r)p. 

n=0 j=l 

Using spherical coordinates, decomposition of dyik,a) dS]), formulas fl22|) and 

(121, we get that 

/* poo p 

(25) / \x\^^\f{x)\^dp,k,a{x) = hx^,aj r‘^h+ 2 Xk+a-i \f{rx')\‘^dukix')dr 

jRd Jo 

/ OO OO In 

^2f3+2X,+a-iJ2^\f^^(r)\^dr 

n=0 j=l 

OO In poo 

= \fnj{r)\‘^r^^ dux,,a{r), 

n=0 j=l do 
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cxj in 

rkA/Kv) = 


oo 


(26) [ \y\ ^^\J^k,aif)iy)\‘^ dfXk,aiy) 



n=0 j=l ^ 


By Theorem 12.21 with n G Z_|_ and 0</3<Afc + n + a/2, we have 


poo 

(27) / \Hx,+n,a{fnj{r)r-^){p)\%~‘^^^^'"dux,,a{p) 

Jo 



'OO 


c^{l3,Xk + n,a) / \fnj{r)f du\^^a{r). 


0 


Since c{/3, Xk + n, a) is decreasing with n (see Lemma [13]), then nsing (jUj), (I16]) . 
and (jUj), we arrive at 



(28) 



□ 


In the proof of Theorem 14.11 we obtained the following resnlt. 

Corollary 4.2. Let n G N, Xk = d/2 — 1 + (k), and 0 < (3 < Xk + a/2 + n. Then 
Pitt’s inequality for the transform J^k,a holds for f G iS(M'^) fl TZ'f{vk,a) with sharp 
constant c{(3, Xk + n,a). 

5. Logarithmic uncertainty principle for Jhc.a transform 

Theorem 5.1. Suppose that a > 0, Xk = d/2 — 1 + {k), and AXk + a > 0. Then 
the inequality 


[ ln(|x|)|/(a:)pd/ifc,a( 2 :) + / In {\y\)\J'k,a{f){y)\‘^ dykM 

jRd jRd, 



holds for any f G iS(M'^). 
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Proof. Let us write inequality (j3]) in the following form 

[ |l/r^|j'fc,a(/)(l/)pc?/ifc,a(l/) < C^(/3/2, Afc,a) /" \x\^\f{x)\‘^dfik,a{^)^ 

jR<i jR'i 

where 0 < (3 < 2Afc + a. For /3 G (—(2Afc + a), 2\k + a), we dehne the function 

pW) = f | 2 /r^|-^fc,a(/)(i/)pd/ifc,„(i/) - c^(/?/2, Afc,a) [ \xf\f{x)\‘^di.ik,a{x). 

jRd- jRd. 

Since |/5| < 2Afc + a and /, 3Fk,a{f) £ then 

f |ln(|a:|)||a;|^nfc,a(T) da; = f |ln(r)|r^'''^'^'='''““^ dr f Vk{x') dx'< oo, 

J\x\<l ’ Jo 

which implies 

|i/|“^ln(|?/|)|J'fc,a(/)(l/)|V,a(2/) e L\R‘^) and ln(|a;|)|a;|^|/(a;)pi;fc,a(a;) G L\R^). 
Hence, 


(29) (p'(/3) = 


\y\ ^M\y\)\J^k,a{f)iy)\‘^dpk,a{y) 

R'^ 

- c^{(3/2,Xk,a) [ |a;|^ln(|a;|)|/(a;)pd/ifc,a(a;) 


dc^{l3/2,Xk,a) 

d/S 


\xf\f{x)\‘^dfik,a{^)- 


Pitt’s inequality and Plancherel’s theorem imply that (p{(3) < 0 for /5 > 0 and 
(p(0) = 0 correspondingly, hence 

^,'(0) = lim < 0, 

/3^o+ I3 ~ 


Combining fl29p and 

dc^{/3/2,Xk,a) 


d[3 


p=o 




we conclude the proof. 


□ 


Remark 5.1. In the proof of Theorem 2.1 of the paper |13) . sharp Pitt’s inequality 
in for the Hankel transform Hx was proved for A > — 1. Therefore, in Theo¬ 
rems 12.2114.11 and 15.11 the conditions 4A -|- a > 0 and 4Afc -|- a > 0 can be replaced 
by the condition 2A -|- a > 0 and 2Xk -|- a > 0 respectively. 

6. Final remarks 

The unitary operator 3Fk,a on L'^(M'^,dfik,a) can be expressed as an integral 
transform [H (5.8)] 

J^kADiy) = / BkAy,AfA)dRk,aA) 

yRd. 

with a symmetric kernel BkA^^y)- In particular, 

A study of properties of the kernel BkA^i d) nnd, in particular, the conditions 
for its uniform boundedness is an important problem. To illustrate, note that if 
\Bk,aAiy)\ — then the Hausdorff-Young inequality holds: 




pAk'kP 


1 < p < 2. 
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Therefore, it is important to know when 

(30) \Bk,a{x,y)\< Bk,a{^,y) = 1, x,y 

which guaranties the accuracy of the Hausdorff-Young inequality with constant 1. 
Moreover, one can define the generalized translation operator, which allows to de¬ 
fine the convolution [21], the notion of modulus of continuity HZllIH], and different 
constructive and approximation properties. 

If a = 1/r, r e N, 2{k) + d + a > 2, then = Bk,a{f){x) jH Th. 5.3], 

i.e., for / G J, 


f{.x) 


Bk,a{x, y)Bk,a{f)iy) dfik,a{y)- 


If condition fl30p holds, the generalized translation operator is defined by 

= [ Bk,a{t,y)Bk,a{x,y)Bk,a{f){y)diJk,a{y)^ f e M"*. 


Similarly, if a = 2/(2r-|-l), r G Z+, 2{k)+d+a > 2, then B'k,l.if)i^) = Bk,a{f)i—x) 
in Th. 5.3], that is. 


fix) 


Bk,ai-X, y)Bk,aif)iy) dfik,aiy) 


and 


TV)ix) 


Bk,ai-'t, y)Bk,ai-X, y)Bk,aif)iy) d^Kaiy), t ^ ■ 


The operators act in L^(Mf,dfik,a) and ]|T*]| = 1. 

If d = 1, using m Sect. 5.4], we can define 

BT,rix, y) = \ [Bk,aix, y) + Bk,aix, -y )]. 

Then 

(Jj 

For 2A: -I- 1 -I- a > 2 we have {2k — l)/a > —1. The inequality \Bl^^^{x,y)\ < 1 
holds only when {2k — l)/a > ~l/2 or, equivalently, 2k + a/2 > 1. In this case 
the generalized translation operator can be dehned by the formula 

T\f){x) = [ Bl/:^{t,y)Bk,a{±x,y)Bk,a{f)iy) t G 

jR'i 


Proposition. Assume that 

2{k) + d + a > 2. 

Inequality dsop may not he true in general. 

Cf. m Th. 5.11] and [I^ L. 2.13]. To prove Proposition, we construct the 
following 


Example. Let d = 1, (A;) = A; > 0, and 2{k) > 1 — a. First, we remark that the 
kernel Bk^a can be given by jU (5.18)] 


Bk,a{x, y) j{2k—l)/a 




I r(( 2 fc-l)/a + l) xy (IwvAB 

^ T{{2k + l)/a + l) (ai)2/a'^(2fc+i)/a(^^ I y\ 
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Therefore, if a = 1 and A; > 0, we get 

(t/2y 

Bk,i{x,y) =j 2 k-i{t) - sign {xy) ^ j 2 fc+i(t), t = 2\xy\^^^. 

Let ns now investigate when \Bk^i{x,y)\ < 1, a;,i/ G M, for different valnes of k. 
Taking into acconnt the known properties of the Bessel fnnction 

+ Jy+l{t) = 2ut~^J^{t), 

- 4+1 (f) = 2Jl{t), 


we get for u = 2k that 


j 2 k{t), xy <0, 

22^r(2fc)ti-2^J';.(f), xy > 0. 


Hence, \Bk^i{x,y)\ < 1 for xi/ < 0 and for any k >0. 

Case 0 < fc < 1/4. Using asymptotic formnla for the derivative of the Bessel 
fnnction 





i/7r/2 - 7r/4) + 0(t ^)}, 


t —V Tcxd, 


we obtain that the kernel Bk^i{x,y) is not bonnded for 0 < A; < 1/4, xy > 0, and 
is nniformly bonnded for k > 1/4, x,y G M. 

Case k = 1/4. Using Ji/ 2 (A) = (7rf/2)“^/^sinA, we get for xy > Q 


-Bi/4,i(t, y ) = 2(cosf — sinf) 
and then maxa-^yg® |Hi/ 4 ^i(x, i/)| ~ 2.13. 

Case 1/4 < k < 1/2. Easy compnter calcnlations show that \Bk^i{x,y)\ < 
for X, ?/ G M+, where = maXa-^j^gR^ \Bk,i{x,y)\ > 1 for A; G (1/4, fco) and = 1 
for k G [A:o,l/2). Moreover, ko ~ 0.44. The nnmber fco can be fonnd from the 
condition that the hrst minimnm of the fnnction 2^^r(2A;)t^“^^ J 2 ;i.(A) for f > 0 is 
eqnal to —1. 


Case k > 1/2. For the kernel Bfc+, the following integral representation with a 
nonnegative weight holds: n (5.17), (5.19)1 

Bk,i{x,y) = (^2^1/1 (1 + sign {xy)u) ) (1 + n)(1 - u^f~^ du. 

Since |jA(A)| < 1 for A G M and A > —1/2, then \Bk,i{x,y)\ < i?fc4(0,0) = 1, 
X,?/ G M for any k > 1/2. 


We formnlate the following 

Conjecture. Ineqnality (I5U]) holds whenever 2{k) + d + a > 3. 

In particnlar, we expect that if d > 3, then ineqnality flHUl) always holds. Cal¬ 
cnlations above for the case <7=1 and resnlts of the paper for d = 2 show that 
the condition 2{k) -|- d -|- a > 3 is only snfficient for fl3Up to hold. 
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